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Equi-Inclination Weissenbert~ Intensity Correction Factors for Absorption in 
Spheres and Cylinders, and for Crystal Monochromatized Radiation 

BY W. L. BOND 

Bell Telephone Laboratories, Inc., Murray  Hill, New Jersey, U . S . A .  

(Received 3 March 1958 and in revised form 8 October and 21 November 1958) 

Increased precision of intensity measurements through the use of counting methods calls for more 
careful corrections. A new absorption correction table is presented for cylinders with ~R running 
from 0 to 8 by tenths and on to 20 by units; also a table for spheres, /~R running from 0 to 10 by 
tenths. In both tables 0 runs from 0 ° to 90 ° in 5 ° steps. For cylinders, the correction factor for upper 
levels is gotten by entering the table with/~R sec v in place of/~R and / ' / 2  in place of 0, then multiply 
this value by cos v. Tables are also given of the power series coefficients to be used in expanding 
absorption factors for very large cylinders. A combined polarization Lorentz correction factor is 
presented for the case of crystal monochromatized radiation. 

I n t r o d u c t i o n  

I n  recent  years, there has been increasing emphasis 
on obtaining highly  accurate s t ructure  ampli tudes 
from single crystal  X-ray  data.  In  the course of work 
in these Laboratories  on a single crystal  au tomat ic  
diffractometer  (Bond, 1955; Benedict,  1955), several 
problems arose with regard to the  conversion of inten- 
sities to s t ructure  ampli tudes.  These involved:  (1) 
A Lorentz-polar izat ion correction for monochro- 
matized radia t ion;  (2) expanding and improving the 
absorpt ion tables for cylindrical  and spherical crystals;  
and (3) deriving the  method  for absorpt ion correction 
of upper  level equi- incl inat ion Weissenberg intensities. 
In  part icular ,  the  la t te r  has, as far as can be ascer- 
tained,  been ignored. I t  is ra ther  difficult to see how 

even for very  small crystals containing l ight atoms, 
one can claim great  accuracy (some claim~ have bgen 
3%) for F ' s  obtainecI say from layers with v ~ 3 0  ° 
when such proper correction has not  been made. As 
an example for #R  = 1, # = 20 °, :F = 10 ° the  absorp- 
t ion correction is 5.09 not  4.80 as is go t ten  from 
#R -- 1, t rue 0 = 20"6 ° . 

A b s o r p t i o n  c o r r e c t i o n  t a b l e s  

Consider scat tering from a very  small element of 
volume A V ba thed  in a uniform monochromat ic  
coll imated beam of X-rays.  Let  the  beam be of in- 
tens i ty  I wat ts  cm. -2 and  let the  scat ter ing power in a 
direction parallel to  a vector  r be Qr wat ts  per cm. a 
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per incident watt per cm.% In these terms the total 
power scattered parallel to r is 

Pr - - - -  Ie~A V (1) 

watts. This is the power entering the radiation detector 
/tD, Fig. 1. Now consider scattering from a large body 

/ A V "~ ' f  -~ 

F ig .  L P o w e r  sca t te red  in  a d i r e c t i o n  r 
f r o m  an e l e m e n t  of  v o l u m e .  

of volume V which has a linear absorption coefficient/~, 
Fig. 2. Choose an element of volume, A V in V. The 

Fig.  2. Power  scat tered f rom a finite volume.  

intensity I '  falling on A V is I '  = I exp (-/~Pl) where 
10s is the path length, inside V of the incident radia- 
tion. The power leaving A V in the direction r is 
therefore AP/. = I ' Q r A  V but this is further reduced by 
absorption along the path pe to APr = AP/. exp (-PP2).  
Whence the total power received by a properly placed 
radiation detector is 

P r = I ~ r . Z ,  e x p ( - # p ) A V  where p = p l + p ~ .  (2) 
V 

Cylindrical specimens 

Fig. 3 shows a circular cylinder receiving rays in a 
direction normal to its axis and scattering in a direc- 
tion r also normal to this axis--the zero level case. 
Now let A V = wAS where S is the cross sectional 
area of the cylinder, the length w being the width of 
the incident beam. Thus Pr = I ~ w  ~ exp ( - /~p)AS.  

s 
Following Claassen (1930) we now replace S by s 
where: 

S = ~R~s 
whence 

Pr = zR~I@.w..~, exp ( - / ~ p ) A s ,  (3) 
S 

where As is the fraction of the cross section in the 
area element which has path length p. For Bragg 

7 

;_\_.p, I 

r 

f V 
. _ _  ~ ' V  

Fig. 3. Power  scat tered out  of a cylinder.  

angles 0 of 0 °, 22.5, 45 °, 67.5 and 90 ° Claassen con- 
structed curves of equal path length in a set of circles, 
the path lengths being 1/5R, 2/5R, etc. A planimeter 
was then used to measure the areas between suc- 
cessive curves and hence compute a set of As's. From 
this small set of As's with their associated path lengths 
he computed values for A (p, 0) -- Z exp ( - p g R ) A s  
where gR is the effective path length associated with 
As. Now making the proper substitution in (3) 

Pr = 7~R~IQrwAo (4) 
or solving for ~r 

Or = Pr(~R21w)-1A~ 1 . 

For relative values of ~)r the terms ~, R 9, I and w may 
be omitted. These relative Qr's are the intensities 
corrected only for absorption. 

. - -  _ _  

\ 
\ 

Fig. 4. Pa ths  in a cylinder.  

The accuracy of Claassen's method is limited by 
the necessity of drawing curves of equal path length 
and the measurement of areas by means of a plani- 
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Table 1. Areas As attributable to reduced paths g. 

O" 5" 10" 15" 20" 25 ° 30 ° 35" hO ° 45" 
~s _g as ~ as _g as g a_~s _g a s  g as _g n_ss _g ~s ~_ ~s _g 

.00005 ,05 .00033 0.050 .00094 0,050 ,0019 ,05 ,00308 0•050 ,00457 0,050 ,0063 .05 ,00828 0,050 .91046 0•059 . ~129 ,95 

.30037 ,15 .00076 0,150 ,00165 0,150 .0028 •15 •00423 0•150 ,00590 0,159 ,9078 .15 ,00986 9,150 .912.19 0.153 ,9144 .15 
• 00102 .25 .00135 0.250 .00248 0.250 .0039 .25 .00549 0.250 .00732 0.250 .0093 .25 .91146 9.259 .91371 9.253 .0160 .25 
.00200 .35 .00224 0.350 .00349 0.350 .0051 .35 .00689 0.350 .00886 0.350 .0110 .35 .01314 9.350 .31539 9.359 .0177 .35 
• 00332 ,45 •00360 0,~50 •00465 0,450 ,0065 •45 ,00843 0,450 .01051 0,450 ,0127 ,45 .01489 0,459 •91712 0•459 •0194 .45 
• 00502 .55 .00527 0.550 .00600 0.550 .0080 .55 .01010 0.550 .01229 0.550 -0145 .55 .01672 9.559 .91890 9.553 . 0910 .55 
• 007].3 ,65 ,0073 k 0.650 ,00760 0,650 .0097 ,65 ,0L193 0,650 ,01~19 0,650 ,O16b. .65 .01861 3.650 .92072 3.659 ,0227 ,65 
.00968 .75 .00985 0.750 .01038 0.750 .01/6 .75 .01393 0.750 .01623 0.750 .0185 .75 ,92059 0.75~ .)2269 9.750 .024~ .75 
• 91273 ,85 ,01285 0•850 ,01323 0,850 ,0137 ,85 ,01612 0,850 ,OlOa4 0.850 .0206 ,85 ,02266 0.850 •92~.53 9.859 .0262 .85 
• 01635 .95 .91642 0.950 .01663 0.950 .0160 -95 .01852 0.950 .02081 0.950 .3229 .95 .02483 0.950 .92652 9.959 .0280 .95 
• 02065 1,05 ,02064 1,050 ,0206~ 1,050 ,0202 1,05 ,02.].16 1,050 ,02340 1.050 ,9254 i•05 .02712 1,050 .92859 1,959 ,0298 1,95 
:0257"{ 1,15 ".02568 1,150 .02542 1.150 ,0250 1,15 ,02411. 1,150 .02623 1,150 ,9280 1.15 ,02953 1,159 .9397~ 1.150 ,0317 1,15 
,03191 1.25 .03171 1.250 ,03113 1.250 .0302 1.25 .02741 1.250 .02935 1.250 .0309 1.25 .03211 1.250 .93298 1.259 .0~5 1.25 
• 03939 1.35 .03905 1.350 .03806 1.350 .0366 1.35 .03333 1.350 .03284 1.350 .0341 1.35 .03488 1.353 .93534 1.350 .0355 1.35 
,04869 1,45 .04816 1.450 .046.fi4 1.45~ .Okh3 1.45 .Ohlhl i.h50 .03681 1.1,50 .0376 1.45 .03790 l.J,50 .)3785 1.450 ,0375 1,45 
.06068 1.55 .05989 1.550 ,05761 1.550 .0541 1.55 ,04979 1.550 .04144 1.550 .0~16 1.55 .04123 1.553 •9h)5b, 1.559 .9396 1.55 
.07698 1.65 .07578 1.650 .07234 1.650 .0671 1.65 .06072 1.650 .05099 1.650 .0462 1.65 .04500 1.659 .35348 1.65~ .0417 1.65 
.10138 1.75 .09942 1.750 .09388 1.750 .0857 1.75 .07590 1.750 .06561 1.750 .0519 1.75 .04944 1.759 .)4678 1.759 .04~0 1.75 
,14587 1•85 ,14195 1,850 ,13113 1,850 ,i154 1,85 ,09962 1.859 ,08320 1.850 ,0595 1,85 .05498 1.859 .95")65 1.859 •0465 1.85 
• 39101 1•95 ,31-101 1,950 .24577 1•950 ,1967 1,95 .15195, 1,950 ,1/805 1.950 ,0880 1,95 .06495 1•959 .955~2 1•950 .9492 1•95 

.98671 2.004 .17033 2.015 .2454 2.036 .24373 2.050 .17339 2.050 .1243 2.05 .38164 2.959 .')6257 2. )59 .9511 2.35 
• 07215 2.114 .18668 2,150 .1318 2.15 .08641 2.150 .36372 2.159 .9514 2.15 

.01292 2.203 ,1468 2.25 .09563 2.259 • 96533 2.259 .9514 2.25 
,3140 2,305 .I/033 2.350 ,06641 2.35.9 ,0512 2.35 

• 04779 2.~21 .96849 2.459 .0506 2.45 
• 97912 2.550 .3495 2.55 
• 99974 2, 6) 5 ,0477 2.65 

.0~42 2.75 

.9111 2•814 

50" 55 ~ 60* 65 ° 70" 75"  80" 85* 99 ° 
a s  _g a s  it  a s  ~ a s  ~ a s  _~ a s  g a s  _~ a_s 5 a s  s 

• 01530 ,9599 ,91786 ,9500 .3234 ,95 •02303 .9500 .02551 •0500 .0278 ,05 •02978 ,9509 .93126 .9500 .03183 .95 
.31686 ,159 • 01935 .150 ,0037 ,15 ,02426 ,150 ,02657 .150 ,0285 .15 • 930~9 .159 .93168 ,159 .03181 ,15 
.01838 .250 .02074 .250 .0230 .25 .32526 .250 .02731 .250 .0291 .25 .03057 .253 .93151 .259 .03177 .25 
• 91994 •350 ,02217 ,350 ,9243 .35 ,02632 ,350 .02814 ,350 ,0297 -35 .03089 .350 .03155 •359 .93171 .35 
,02150 .450 ,92357 fi*50 .0256 .45 .02733 .450 ,02891 .450 .0302 .45 .03112 ,459 ,93152 ,b*SO ,03163 .45 
• 92305 .550 .02496 .559 .0267 .55 .02828 .550 .02961 •550 .0307 .55 .33128 .550 .33146 .559 .03153 .55 
• 92459 ,650 ,02631 ,659 .02:'79 .65 ,02917 .650 ,03024 .650 .0310 .65 ,03124 .659 ,93137 •653 .93141 .65 
• 02619 .750 .0276/* .750 .0289 .75 .03000 .750 .03079 .750 .0313 .75 .03133 .759 .93127 .750 .93126 .75 
.92768 .850 .92894 .850 .3300 .85 .03076 .850 .03127 .850 .0314 .85 .03126 .850 .93113 .850 .93310 .85 
• 02922 .950 .0302.1 .959 .0310 .95 • 93145 .950 .93165 .950 .0315 .95 .03118 .950 .03097 .95) .03092 .95 
• 33075 1,05 ,03145 1.05 •0319 1.95 ,03207 1,05 •03195 1,05 .93-15 1•05 .03-105 1.05 ,93078 1.95 ,93071 1,95 
,93228 1.15 ,33265 1.15 .0328 1,15 .03259 1.15 .032-14 i•15 .0314 1,15 ,03089 1.15 .33957 1•15 •03049 1,15 
• 33381 1.25 .03381 1.25 .3335 1.25 .03302 1.25 .03221 1.25 .0313 1.25 .03070 1.25 .9303 h 1.25 .93024 1.25 
• 93533 1.35 .03491 1.35 .0342 1.35 .93333 1.35 .03217 1.35 .0312 1.35 .03048 1.35 .03908 1.35 .92996 1.35 
.0368/~ I•45 .03595 1.45 .03~'8 l.b.5 .03350 1.45 .93205 1.45 .0310 1.45 .03022 1.45 .92979 I•45 .92967 1.45 
.03834 1,55 .03692 1,55 .9353 1,55 .03351 1,55 •03189 1,55 ,3307 1,55 .92994 1.55 .9Z948 1,55 •92934 1.55 
.03982 1,65 ,03777 1,65 .0356 1,65 ,03338 1,65 ,03168 1,65 ,0305 1•65 ,02962 1,65 .92914 1•65 ,)2899 1,65 
• 34126 1,75 .038~5 1.75 ,0356 1.75 ,03320 1,75 ,05142 1,75 ,0301 1•75 ,92927 1,75 .92877 1.75 •02862 1,75 
.04261 1.85 .0388h 1.85 .0355 1.85 .93295 1.85 .03110 1.85 .0298 1.85 .92889 1.85 .~2837 1.85 .92822 1.85 
• 3h360 1,95 ,03880 1,95 ,0352 1•95 ,93263 1•95 •93073 1,95 ,0294 1,95 .'92847 1,95 •92795 1,95 .92779 1•95 
.~1'374 2.05 .93856 2.05 .0349 2.05 .93223 2.05 .03030 2.05 .9289 2.95 .02801 2.05 .02749 2.95 .92733 2.05 
• 0~353 2.15 .03822 2.15 .0345 2.15 .93177 2.15 .02982 2.15 .0285 2.15 .02752 2.15 .32793 2.15 .02684 2.15 
.94318 2.25 .93773 2.25 .0340 2.25 .93122 2.25 .02927 2.25 .0279 2.25 .92699 2.25 .926~7 2.25 .92632 2.25 
.04260 2.35 .93798 2.35 .0333 2.35 .93059 2.35 .02867 2.35 .0273 2.35 .92642 2.35 .9259! 2.35 .92576 2.35 
• 04175 2.45 .93625 2.45 .0326 2.45 .32987 2.45 .32799 2.45 .3267 2.45 .0~581 2.45 .92531 2.45 .92516 2.45 
• 94057 2.55 .33520 2.55 .0316 2.55 .92905 2.55 .02725 2.55 .0260 2.55 .02514 2.55 .92466 2.55 .02h52 2.55 
• 03893 2.65 .93390 2.65 .0306 2.65 .02813 2.65 .02642 2.65 .9252 2.65 .92443 2.65 .92395 2.65 .0238~ 2.65 
• 03665 2.75 •93229 2.75 .9293 2.75 .92798 2.75 .02551 2.75 .0244 2.75 .02366 2.75 .92324 2.75 .02311 2.75 
• 33331 2.85 .93327 2.85 .0278 2.85 .)2590 2.85 .02451 2.85 .0235 2.85 .02283 2.85 .~2245 2.85 .92233 2.85 
• 02765 2.95 .92767 2.95 .0260 2.95 .02456 2.95 .02339 2.95 .0226 2.95 .92194 2.95 .92159 2.95 .92]-59 2.95 
,91064 3,032 °02420 3.95 ,0240 3,05 .02303 3,05 ,32215 3.05 ,0215 3.05 ,02097 3.05 .)~67 3•95 ,92059 3,05 

.01907 3.15 .0214 3.15 .32126 3:15 .92077 3.15 ,9203 3.15 .01991 3.15 . )1968 3.15 .51961 3.15 

.98087 3.238 .0181 3.25 .91919 3.25 .91920 3.25 .3190 3.25 .91875 3.25 .91859 3.25 .01855 3.25 
• 0135 3.35 • 01669 3.35 • 01739 3.35 .0175 3 • 35 • 91747 3.35 .917&) 3 • 35 • 91739 3.35 
• 0045 3.432 .01350 3.45 .01528 3.45 .0158 ~.45 .01603 3.45 .91698 3.45 .91610 3.45 

• D08834 3.55 .01268 3.55 .0139 3.55 .91hAO 3.55 .91469 3.55 .31466 3.55 
• ~9088~7 3.613 .909190 3.65 .0116 3.65 .01250 3.65 .01289 3.65 .01301 3.65 

.092690 3.729 .9085 3.75 .01016 3.75 .91085 3.75 .91196 3.75 
.7927 3.832 .006952 3.85 .003247 3.85 .00859 3.85 

.991226 3.92 .Y03737 3.942 .~9473 3.95 

meter. To avoid this graphic approach the IBM ~: 650 A = 0.00005 exp ( - 2  × 0 .05)+0.0037 exp ( - 2  × 0.15) 
has been used to make the computations.  Consider a +0.00102 exp ( - 2  × 0 . 2 5 ) +  
circle, (Fig. 4) about the origin and a beam entering 
from the upper right reflecting from an element of 
an area about the point x, y, hence leaving towards 
the lower right, the deflection angle being 20. The path 
length inside the circle is: 

p = R.  {1 - (x cos 0 - y  sin 0)2}½ 

+ R { 1 -  (x cos O + y  sin O)2} i -2xR  sin 0 . . .  , (5) 

where x and y are now fractions of R. 

+0.39101 exp ( - 2  × 1-95)+ . . . .  

It  is more convenient  in use to replace A by the 
correction factor A*,  i.e. the number by which the 
observed intensity should be multiplied to get the 
'absorption free' intensity.  In this way Table 2 has 
been prepared. 

For values of ~uR > 8, the above method gives 
erroneous results since too much of the scattering is 
from the surface of the element of area of the shortest  

For 0 values of 0, 5 °, 10 °, . . . ,  90 ° and path  lengths path length. For ,uR large then,  the first zones are 
• lR,  . 2 R . . .  an I.B.M. card Programmed Electronic too large and should be subdivided to give a better 
Calculator solved equation (5) and integrated to give evaluation of A. This subdivision can be approx- 
the areas of the regions. If a mean path length is imated by finding s (see (3)) as a function of g near 
attributed to each region the results are as in Table 1. s = 0. If s - a g + f l g 2 + ? g a . . ,  then 
As an example  of the use of this table consider the case 
/~R = 2, 0 = 0. :Now ds = (a+2f ig+3?g2. . . )d ig .  
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Table 2. Absorption correction factors A* for X-ray intensities 
Cylinders of radius R 

o° 5 o 10o 15 ° 2o° 25 ° ~07 }5 ° 4o ° 4~ o ~0o 5~ o 60° 6~° 7o ° 7~ ° 8o° 8~o 9o ° 

0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 l.OO 1.00 1.00 1.00 1.00 1.00 0 
.i 1.181.181.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 .I 
.2 l.AO 1.401.40 1.40 1.40 1.40 1.39 1.39 1.39 1.39 1.39 1.38 1.38 1.38 1.38 1.38 1.37 1.37 1.37 .2 
• 3 1.65 1.65 1.65 1.65 1.65 1.64 1.64 1.63 1.63 1.62 1.62 1.61 1.61 1.60 1.59 1.59 1.59 1.59 1.59 .3 
.h 1.95 1.95 1.95 1.94 1.94 1.93 1.92 1.91 1.90 1.89 1.87 1.86 1.85 1.8& 1.83 1.82 1.82 1.81 1.81 .& 
• 5 2.292.292.29 2.28 2.27 2.26 2.24 2.22 2.20 2.18 2.16 2.13 2.12 2.10 2.08 2.07 2.06 2.05 2.05 .5 
.6 2.69 2.69 2.69 2.67 2.65 2.63 2.60 2.57 2.53 2.50 2.47 2.43 2.40 2.37 2.35 2.33 2.31 2.30 2.30 .6 
.7 3.16 3.16 3.15 3.13 3.09 3.05 3.01 2.96 2.91 2.85 2.80 2.75 2.71 2.66 2.63 2.60 2.58 2.56 2.56 .7 
.8 3.70 3.70 3.68 3.65 3.60 3.54 3.47 3.39 3.32 3.24 3.16 3.09 3.03 2.97 2.92 2.88 2.85 2.84 2.83 .8 

1.9 .0 4.335.06 &.335.05 h. 5.3100 h.92 h.2h 4.81 h.17 4.68 &.08 4.54 }'98 4.39 }.87 4.24 3"76 4.1 ~ 3"60 3.97 3.55 3.84 3.~6 3.73 3.~7 3.29 3.63 3.55 3.2} 3.48 3"18 3.43 ~.lh 3.40 3"11 3-39 3"Ii 1.0 "~ ' 
i.i 5.90 5.~8 5.81 5.69 5.54 5.36 5.16 4.96 4.76 &.58 &.~O &.24 &.lO 3.97 3.87 3.79 3.73 3.69 3.6~ i.i 
1.2 6.86 6.84 6.74 6.57 6.35 6.10 5.84 5.57 5.32 5.08 4.86 4.66 4.49 4.33 4.20 4.11 4.03 3.98 3.97 1.2 
1.3 7.96 7.93 7.79 7.55 7.25 6.92 6.58 6.23 5.91 5.61 5.34 5.09 4.88 4.70 h.54 4.43 4.3h ~.28 4.27 1.3 
i.~ 9.23 9.18 8.97 8.65 8.25 7.82 7.37 6.94 6.53 6.16 5.83 5.54 5.29 5.07 4.89 4.75 h.65 ~.58 4.57 1.4 
1.5 10.7 10.6 10.3 9.88 9.35 8.79 8.22 7.68 7.19 6.74 6.35 6.00 5,71 5.45 5.2~ 5.08 4.96 4.89 4.87 1.5 
1.6 12.3 12.211.8 11.2 10.6 9.84 9.13 8.&7 7.87 7~3& 6.87 6.47 6.13 5.8~ 5.60 5.42 5.28 5.19 5.17 1.6 
1.7 14.2 14.0 13.5 12.7 11.9 Ii.0 i0.i 9.30 8.58 7.96 7.42 6.95 6.57 6.23 5.96 5.75 5.60 5.50 5.48 1.7 
1.8 16.3 16.0 15.& 14.4 13.3 12.2 ii.i 10.2 9.32 8.59 7.97 7.45 7.01 6.63 6.33 6.09 5.92 5.81 5.78 1.8 
~ : ~  1 8 . 6  1 8 . }  1 7 . ~  1 6 . 2  1L .~  1~ .~  1 2 , 2  1 1 . 1  1 0 . 1  9 . 2 ~  8 . ~ 4  7 . 9 4  7.451 7 . 0 ~  6.69 6 . 4 4  6 . 2 4  6 . 1 2  6.09 1 , 9  

21.3 20.9 19.8 18.2 16.5 14.8 13.3 12.0 10.9 9.91 9.12 8.~5 7.9 7.44 7.06 6.78 6.56 6.43 6.40 2.0 
2.1 2&.2 23.722.3 20.3 18.2 16.2 l&.5 12.9 11.7 10.6 9.71 8.97 8.36 7.84 7.44 7.13 6.89 6.75 6.71 2.1 
2.2 27.526.925.1 22.6 20.1 17.7 15.7 13.9 12.5 11.3 10.3 9.49 8.82 8.26 7.81 7.47 7.22 7.06 7.02 2.2 
2.3 31.2 30.& 28.1 25.1 22.0 19.3 16.9 14.9 13.3 12.0 10.9 i0.0 9.29 8.67 8.19 7.82 7.5~ 7.38 7.33 2.3 
2.h 35.3 34.2 31.4 27.7 24.1 20.9 18.2 16.0 14.2 12.7 11.5 10.5 9.76 9.09 8.57 8.17 7.87 7.69 7.6& 2.h 
2.5 39.8 38.5 34.9 30.5 26.2 22.5 19.5 17.0 15.0 13.4 12.1 ii.I 10.2 9.51 8.95 8.53 8.20 8.01 7.96 2.5 
2.6 &4.743.138.7 33.A 28.5 24.2 20.8 18.1 15.9 14:2 12.8 11.6 10.7 9.93 9.33 8.88 8.53 8.33 8.27 2.6 
2.7 50.148.i 42.8 36.5 30.8 26.0 22.2 19.2 16.8 l&.9 13.4 12.2 11.2 i0.~ 9.72 9.23 8.87 8.6& 8.58 2.7 
2.8 56.1 53-5 &7.2 39.7 33.2 27.8 23.6 20.3 17.7 15.6 14.0 12.7 11.7 i0.8 I0.I 9.59 9.20 8.96 8.90 2.8 
2.9 62.559.451.8 43.1 }5.7 29.6 25.0 21.4 18.6 16. 4 14.6 1}.2 12.1 11.2 i0.~ 9-9~ 0.53 9 .28 9.21 2,9 
3.0 69.5 65.8 56.7 46.6 38.2 31.5 26.4 22.5 19.5 17.1 15.3 13.8 12.6 11.6 10.9 10.3 9.86 9.60 9.53 3.0 
3.1 77.272.661.8 50.3 ~0.8 33.& 27.9 23.7 20.~ 17.9 15.9 14.3 13.1 12.1 11.3 10.7 10.2 9.92 9.8h 3.1 
3.2 85.& 79.9 67.3 5&.O 43.5 35.4 29.3 24.8 21.h 18.7 16.6 14.9 13.6 12.5 11.7 Ii.0 10.5 10.2 10.2 3.2 
3.3 94.2 87.6 72.9 57.9 h6.2 37.3 30.8 26.0 22.3 19.4 17.2 15.5 14.1 12.9 12.0 ll.& 10.9 10.6 10.5 3.3 
3.h lOb 95.9 78.9 61.9 48.9 39.3 32.3 27.1 23.2 20.2 17.9 16.0 ih.6 13.4 12.& 11.7 11.2 10.9 10.8 3.4 
3.5 114 105 85.0 65.9 51.7 41.3 33.8 28.3 2&.2 21.0 18.5 16.6 15.1 13.8 12.8 12.1 11.5 11.2 ii.I 3.5 
3.6 125 ii~ 91.~ 70.1 54.6 h3.3 35.3 29.5 25.1 21.7 19.2 17.i 15.6 14.2 13.2 12.5 11.9 11.5 ll.h 3.6 
3.7 136 12498.0 7~.4 57.4 45.4 36.9 30.7 26.1 22.5 19.8 17.7 16.1 14.7 13.6 12.8 12.2 11.8 11.7 3.7 
3.8 149 134 105 78.7 60.4 47.5 38.4 31.9 27.0 23.3 20.5 18.3 16.6 15.1 14.0 13.2 12.6 12.2 12.1 3.8 
}.9 162 lh 112 8}.i 6 .3 33.1 28.0 24.1 21.2 18.8 17.1 1 .6 l&.~lh" 13.6 12. 9 12.~ 12. 412.7 h.O 
~0 175 15~ 87.6 6~ .9.5 .1.539"9 3~.3 l i 0  - 1 3 . 9 1 3 . 2 1 2 . 8  3,9 • 3 51.6 28"?.9 24.9 21.8 19.4 17.6 119 
h.l 190 168 127 92.1 69.3 53.8 43.1 35.5 2Q.9 25.7 22.5 20.0 18.1 16.& 15.2 l&.3 13.6 13.1 13.0 h.l 
4.2 206 180 134 96.7 72.3 55.9 44.6 36.7 30.9 26.5 23.2 20.6 18.6 16.9 15.6 ih.6 13.9 13.5 13.3 4.2 
~.3 222 193 142 i01 75.& 58.0 46.2 37.9 31.8 27.3 23.8 21.1 19.1 17.3 16.0 15.0 14.3 13.8 13.7 L.3 
~.~ 239 206 150 106 78.5 60.2 47.8 39.1 32.8 28.1 2&.5 21.7 19.6 17.8 16.& 15.& 1&.6 14.1 1&.0 &.h 
h.5 257 220 158 Iii 81.6 62.3 49.4 &O.4 33.8 28.9 25.2 22.3 20.1 18.2 16.8 15.7 i~.9 l~.h 14.3 ~.5 
4.6 275 23h 166 116 84.7 6&.5 51.0 41.6 3&.8 29.7 25.8 22.9 20.6 18.7 17.2 16.1 15.3 l&.8 i~.6 h.6 
&.7 295 249 175 121 87.8 66.7 52.6 h2.8 35.8 30.5 26.5 23.4 21.1 19.1 17.6 16.5 15.6 15.1 l&.9 &.7 
h.8 316 26& 183 125 91.0 68.9 54.2 44.i ~6.7 31.3 27.2 24.0 21.6 19.6 18.0 16.9 16.0 15.~ 15.3 4.8 

} .7 32.1 27. 24.6 22.1 20.0 18. 17.2 16. 3 1 .7 15.6 ~.9 3}7 280 192 1}0 94.2 71.1 . . 8  ~:~ 37.78 32.9 28. 96 22.6 2o.5 18.~ 17.6 16.7 1~.1 4.9 15.9 5.0 25.2 5 . 0  359 296 200 135 9 7 . 4  7 3 . 3  5 7 . 5  
5.1 383 313 209 I~0 i01 75.5 59.1 47.8 39.7 33.7 29.2 25.8 23.1 20.9 19.2 18.0 17.0 16.& 16.2 5.1 
5.2 407 330 218 i~5 i04 77.8 60.7 4q.l &0.7 34.5 29.9 26.3 23.6 21.~ 19.6 18.3 17.3 16.7 16.6 5.2 
5.3 432 348 228 150 107 80.0 62.& 50.3 41.7 35.3 30.6 26.9 24.1 21.8 20.0 18.7 17.7 17.1 16.9 5.3 
5.4 458 366 237 156 ii0 82.3 64.0 51.6 42.7 36.1 31.3 27.5 24.6 22.3 20.4 19.1 18.0 17.4 17.2 5.4 
5.5 &85 38& 246 161 114 84.5 65.7 52.9 43.7 37.0 32.0 28.1 25.2 22.7 20.9 19.5 18.h 17.7 17.5 5.5 
5.6 513 403 25~ 166 117 86.8 67.3 54.1 4~.7 37.8 32.7 28.7 25.7 23.2 21.3 19.8 18.7 18.0 17.9 5.6 
5.7 542 422 265 171 120 89.1 69.0 55.& &5.7 38.6 33.& 29.3 26.2 23.6 21.7 20.2 19.1 lq.h 18.2 5.7 
5.8 573 hh2 275 176 124 91.4 70.7 56.7 46.8 39.& 3h.0 29.9 26.7 2&.l 22.1 20.6 19.& 18.7 18.5 5.8 
~:~ 60~ 6 ~62 28~ 18~ 127 93.6 72.~ 580 47.8 ~0.~ 34.~ 30.~ 27.2 2 4 . ,  22.5 2~.0 19.8 19.0 18.~ ~:~ 

63 ~83 294 187 130 95.9 7~.0 59.2 ~8.8 Al.l 35.h 31.0 27.7 25.0 22.9 21.3 20.i 19.h 19.2 
6.1 670 504 30& 192 13~ 98.3 75.7 60.5 49.8 &l.9 36.1 31.6 28.3 25.4 23.3 21.7 20.5 19.7 19.5 6.1 
6.2 704 525 314 198 137 i01 77.4 61.8 50.8 &2.7 36.8 32.2 28.8 25.9 23.7 22.1 20.8 20.0 19.8 6.2 
6.3 740 5~7 324 203 140 103 79.1 63.1 51.9 43.6 37.5 32.8 29.3 26.4 2~.i 22.5 21.2 20.& 20.2 6.3 
6.~ 777 569 334 209 l~K 105 80.8 6&.4 52.9 4~.4 38.2 33.~ 29.8 26.8 24.6 22.8 21.5 20.7 20.5 6.4 
6.5 81~ 591 345 214 147 108 82.5 65.7 53.9 ~5.2 38.9 34.0 30.3 27.3 25.0 23.2 21.9 21.0 20.8 6.5 
6.6 853 614 355 219 151 ii0 84.2 67.0 54.9 &6.1 39.6 34.6 30.9 27.7 25.4 23.6 22.2 21.4 21.1 6.6 
6.7 894 638 365 225 154 112 85.9 68.3 56.0 46.9 &0.3 35.2 31.~ 28.2 25.8 2&.O 22.6 21.7 21.5 6.7 
6.8 935 661 376 231 158 115 87.6 69.6 57.0 47.8 &l.O 35.8 31.9 2~.7 26.2 2h.h 23.0 22.1 21.8 6.8 
b,9 978 685 386 2}6 161 _ i17 89.4 70.9 58.0 48.6 A~.7_ ~6.4 32.4 29.1 26.6_ 24.8 23.3 22.4 22.1 6.9 
7.0 1022 710 397 242 165 119 91.1 72.2 59.1 49.& 42.4 37.0 33.0 29.6 27.0 25.1 23.7 22.7 22.5 7.0 
7.i 1067 735 408 247 168 122 92.8 73.6 60.1 50.3 &3.1 37.6 33.5 30.1 27.5 25.5 2h.0 23.1 22.8 7.1 
7.2 1113 760 418 253 172 12& 94.6 74.9 61.2 51.1 h3.8 38.2 34.0 30.5 27.9 25.9 24.~ 23.4 23.1 7.2 
7.3 1161 785 429 259 175 127 96.3 76.2 62.2 52.0 ~&.6 38.S 3~.6 31.0 28.3 26.3 24.7 23.8 23.5 7.3 
7.& 1210 811 hhO 264 179 129 98.1 77.5 63.3 52.8 45.3 39.5 35.1 31.5 28.7 26.7 25.1 24.1 23.~ 7.4 
7.5 1260 837 451 270 182 131 99.8 78.9 6&.3 53.7 46.0 40.i 35.6 31.9 29.2 27.1 25.5 2h.h 24.1 7.5 
7.6 1311 864 462 276 186 13& 102 80.2 65.~ 54.5 ~6.7 h0.7 36.1 32.& 29.6 27.4 25.8 2&.8 2~.5 7.6 
7.7 136~ 891 &73 281 190 136 103 81.5 66.4 55.& 47.4 41.3 36.7 32.9 30.0 27.8 26.2 25.1 2&.8 7.7 
7.8 ih18 918 484 287 193 139 105 82.9 67.5 56.2 48.1 41.9 37.2 33.3 30.h 28.2 26.5 25.5 25.2 7.8 
7.9 147h 94~ 495 29~ 197 lhl 107 8~.2 68. 5 57.1 ~8.9 &2.5 37.8 33.8 30.8 28.6 26,9 2~,8 25-5 7,9 

8 1530 97& 507 299 200 i~4 109 85.5 69.6 58.0 49.5 &3.1 38.3 3&.3 31.3 29.0 27.3 26.1 25.8 8 
9 2200 1270 623 357 236 167 126 98.1 79.6 65.6 56.3 48.7 43.2 38.6 35.2 32.5 30.6 29.2 28.9 9 

i0 3050 1600 743 h17 272 191 143 iii 89.7 74.2 63.0 5&.3 &8.2 &3.0 39.1 36.1 33.9 32.4 31.9 I0 
Ii 4080 1950 868 478 300 215 160 12h 99.7 82.4 69.8 60.0 53.2 &7.4 43.1 39.7 37.3 35.5 35.0 II 
12 5320 2320 095 5hi 345 2&O 178 137 ii0 90.6 76.5 65.6 58.2 51.7 47.0 43.3 &Q.6 38.7 38.1 12 
13 6790 2710 1130 60& 381 26& 195 150 120 98.8 83.h 71.3 63.2 56.1 50.9 &6.9 43.9 41.9 41.2 13 
14 8500 3110 1260 667 419 289 212 163 130 107 90.1 77.0 68.2 60.5 5~.9 50.5 47.2 45.1 hh.3 lh 
15 10500 3530 1400 731 &57 313 230 176 140 115 97.0 82.7 73.2 64;8 58.8 5&.l 50.6 48.3 47.5 15 
16 12700 3910 1540 795 &95 338 249 189 151 124 104 88.& 78.2 69.2 62.8 57.7 5&.O 51.5 S0.6 16 
17 15300 4410 1695 860 533 362 265 203 161 132 iii 9&.O 83.2 73.6 66.~ 61.3 87.3 5&.6 50.7 17 
18 18300 4860 1820 925 57Z 387 282 216 171 lhO 118 99.7 88.2 78.0 70.7 64.9 60.7 57.8 56.8 18 
19 21400 5320 1960 I~ 610 &12 300 229 181 148 12& 105 93.2 82.& 74.7 68.5 64.I 61.0 60.0 19 
20 25000 5790 2100 649 438 317 242 192 157 131 iii 98.4 86.8 78.7 72.3 67.6 64.3 63.1 20 

]~R O ° 5 ° 10 ° 15 ° 20 ° 25 ° 30"  35 ° 40 ° 45 ° 50 ° 55" 60 ° 65 ° 70 ° 75"  80 ° 85 ° 90"  ;~i~ 

and 

becomes 

A = I exp (-/~gR)ds 

,co ioo 
A = c¢ f exp (-/jgR)dg+2t~ exp (-[egR)gdg 

0 0 

etc. or 

A = c¢//~R + 2/~/(/~R) 2 +67/ ( /~R)  3 + 24~/ (#R)  4 

+ 120~/(/~R)5+720~/(/~r) 6 etc.  

If we plot,  from Table 1, the  sum of the first i values  
of As against  the  i th  value  of g(i = 1, 2, 3 . . . )  we  
have  a graph of s as a funct ion of g. Empirical  means  

oo can be used to f ind from these data a power series P 

÷3~, \ exp (-!tgR)g2dg expressing s as a funct ion of g. The first coefficient 
4 0 a can be computed  exact ly  and using this  value  the  
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Fig. 5. P a t h  lengghs in a semi-infinite solid. 

next  few coefficients m a y  be found empirically.  
Consider scattering from an element  of volume A V 
inside a semi infinite solid, Fig. 5, 

APt = I~  exp [-#(p~ +p2)]A V 

but  x = Pl sin # = p~ sin ( 2 0 - ~ )  so 

sin 

~ r 

Fig. 6. Sca t te r ing  f rom an e lement  of vo lume  
in a semi-infini te solid. 

A beam of cross sectional area a (see Fig. 6) sends 
power 

'~  / 1 sin ~b l l  
Pr = ~r(~ f exp [ --/UPl / +sin (20_~))iJ dpl 

in the direction r. 

Integrat ing" 

P r =  
I~r(~ sin (20--q)) 

# [s in  q S + s i n  (20- -~b) ]  

Now consider the effective scattering section, of the  
cylinder, Fig. 7, the par t  between q5 -- 0 and  ¢ = 20. 
We can compute the  power sent parallel  to r by  an 
inf in i ty  of blocks of length RAqS. Here a of the pre- 
ceding equat ion is replaced by  A a = wR sin ¢A q} so 
t ha t  the power increment  is 

\ 
~=0 

Fig.  7. Sca t te r ing  f rom a cyl inder  of l a rge / t .  

and 

APv IorwR sin q5 sin (20-cP) 
= :u " sin ¢ + s i n  (20-~b)A~O 

IQrwRf 2° sin q) sin (20-q~) Pv 
# _¢+0 sin ~b+sin (20-q5) dq~. 

Integrat ing 

Pr I~w { c o s ~ O l n t a n ( 4 + 0 ) }  . R  1 sin 0 

Comparing this wi th  equat ion  (4) 

A o = z - ~ { 1  -c°s20 

H e n c e  t h e  c o e f f i c i e n t  o f  ( # R )  -1 is 

/ 0), cos 2 0 In t an  _L . 

Table 3. Coefficients for 5 ° intervals of 0 
0 a 2fl 6y 
0 0 0 0-3183 
5 0.001615 0.0314 0.0648 

10 0.00642 0.053 0.179 
I5 0.01442 0.086 0.061 
20 0-0254 0.105 0.080 
25 0.0394 0.123 0.073 
30 0.0560 0.139 0 
35 0.0752 0.150 --0 .022 
40 0.0966 0-159 - -0 .10  
45 0.1199 0.164 - -0 .16 
50 0.1448 0.16 - - 0 . 2 0  
55 0.1741 0.13 - -0 .30 
60 0.1984 0.11 --0.21 
65 0.226 0.10 - -0 .33 
70 0.250 0.105 - -0 .48 
75 0"274 0.08 - -0 .52 
80 0-295 0.064 --0-64 
85 0.3107 0-03 --0"5 
90 0.3183 0 --0"53 

For  small  0, a = 20~'/(3~). 

248 

0 
0.835 
0.057 
0.33 
0-13 

--0 .16 

120e 5040U 

0.955 0 7.1 
0.14 

A - -  a ] ( t t R )  -k- 2fl](I t2R 2) . . . .  
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Table  3 gives the  values  of the  coefficients for 5 ° 
in te rva l s  of 0. We can f ind A and  hence A* for inter-  
med ia t e  values  of 0 by  p lo t t ing  A agains t  sin s 0 
(Bradley,  1935). 

of PvA* (# 'R,  T/2) = o, x eonst.  Koweve r  if we wish  
to compare  ref lect ions in d i f ferent  levels we m u s t  use  

~ r  X c o n s t .  ~--- P r  cosvA*(ttR sec v, 1"/2). 

O p t i m u m  s ize  of  cylinders for the zero level 

E q u a t i o n  (4) indica tes  t h a t  t he  power  received by  the  
r a d i a t i o n  de tec to r  is p ropo r t i ona l  to  (#R)eAO. Plots  
of (ttR)e/A * show t h a t  for  0 = 0 ° the  o p t i m u m  size is 
t tR = 1.35, for 0 = 10 ° i t  i s /~R = 1.45 and  for 0 = 20 ° 
i t  is ,uR = 1.9. Above  0 = 25 ° the re  is no o p t i m u m  
since (ttR)e/A * rises con t inuous ly  f rom /~R = 0 to 
# R  = c~ if 0 > 25 °. Hence  a p rac t i ca l  o p t i m u m  for 
cyl inders  is /~R = 1.5. 

Spherical spec imens  

I f  we t ake  V = 4/3:~Rav we m a y  r e -~ r i t e  equa t ion  (2) 
a s  

P r  = 4,/3~RaI~r ~ exp (-,up)Av . 
P 

A mach ine  in t eg ra t ion  of ~" exp (-/~p)Av gives the  
t" 

da t a  of Table  4. I t  is wor th  no t ing  t h a t  for 0 = 0 
and  0 = 90 ° the  equa t ion  is in tegrable .  For  0 = 0 the  
absorp t ion  fac tor  is 

Absorption corrections for upper levels of the equi- 
inclination Weissenberg-cyl indrical  spec imens  

I n  the  equi - inc l ina t ion  case, :Fig. 8 bo th  the  on com- 
ing and  the  depar t ing  rays  m a k e  an  angle 9 0 ° - v  
wi th  the  cy l inder  axis. Hence  the  p a t h  lengths  Pl 
and  p,. of Fig. 3 become pl  sec v and  Pe sec v in :Fig. 8. 

Fig. 8. Path lengths and angles for upper levels. 

Also t he  vo lume  e lement  is w sec vAS. Hence  the  
power  received by  a p rope r ly  p laced  r ad i a t i on  de tec to r  
is f rom equa t ion  (2): 

Pr  = I0r  2 exp (--tt  sec v .p )AV 
y 

o r  

Pr = uReI~rw sec v _,Y exp [ ( - # t  see v)O]As. (6) 
8 

Se t t i ng /~ '  = # sec v i t  is seen t h a t  the  func t ion  unde r  
the  s u m m a t i o n  is A(tt'R, Y/2). If  v goes to  zero Y/2 
becomes 0 and  u' becomes tt so t h a t  A (#t'R, Z/2) goes 
to  A (!tR, 0). To compare  ref lect ions in the  same level 
i t  is necessary  on ly  to compare  the  respect ive  values  

3 
A = 2( t tR)  ~ {½-exp  ( - 2 p R ) [ ½ + / ~ R +  (pR)e]}. 

Whi le  for 0 = 90°: 

3 1 
16(ttR) e 

[1 - (1 +4,uR) exp ( - 4 / t R ) ] .  

O p t i m u m  size for spheres 

Plo t t i ng  (/~R)S/A * shows t h a t  there  is no o p t i m u m  
size for spheres,  the  t o t a l  ref lected energy  rises 
con t inous ly  f rom/~R = 0 to p R  = ~ for all values  of 0. 

The  concept  of ' o p t i m u m  size' is misleading.  The  
desi rable  condi t ion  is t h a t  the  correct ion fac tor  for  
0 = 0 be no t  too di f ferent  f rom the  correct ion fac tor  
for 0 = 90 °. This  is me t  if p R  < 2, when  the  r a t io  of 
f ron t  to  back  factors  is less t h a n  2-6. 

The polarization correction 

The  po la r i za t ion  correct ion using a m o n o c h r o m a t o r  
(Whi t t ake r ,  1952) can be combined  wi th  the  Loren tz  
fac tor  as follows: W h i t t a k e r s  resul t  for the  equi- 
inc l ina t ion  case m a y  be wr i t t en  as a correct ion fac tor  as 

P = ( l + c o s  2 2e) -1 {cos 2 2 e ( 1 - c o s  2 v sin ~" Y) 

+ 1 - s i n  2 v cos ~" v ( l + e o s  y)2} , 

where  e is the  Bragg  angle for the  m o n o c h r o m a t o r .  
The Lorentz factor as adapted to the equi-inelina- 

t ion  Weissenberg  by  Tunne l  (1939) is L = cos2v sin T. 
Since cos 0 = cos v cos T/2 we can wri te  the  combined  
correct ion fac tor  as 

P L = T s i n 2 0 / { 1  

where  q = cos 2 2e 

\ ( ( l q - s i n 2  v / + 
+ q cos 2 v)/ 

× (1 + cos 20) 2 - ~ - q  (1 +cos  20) , 

and  T = (sin 2 0 - s i n  2 v)½/sin 0 . 
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.i 

.2 
.3 
.4 
.5 
. 6  
.7 
.8 
.9 

1.0 
I.I 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
].i 
a.p 
3.3 
3.4 
3.5 
3.6 
3.7 
3.8 
3-9 
&.O 
4.i 
4.2 
4.3 
h.4 
4.5 
4.6 
h.7 
h.8 
4-9 
5.0 
5.1 
5.2 
%3 
5.4 
5.5 
5.6 
5.7 
5.8 

2:o ~ 
6 . I  
6 .2  
6.3 
6 . 4  
6.5 
6 .6  
6 .7  
6 .8  
~:~ 
7 .1  
7.2 
7.3 
'7./. 
7 .5  
7 .6  
'7.7 
7 .8  
"7.9 
-~.0 
%1 
8.2 
8.3 
8.& 
8.5 
8 .6  
%7 
8 .8  

;:~ 
9.1 
9 .2  
9.3 
9 .4  
9 .5  
9 .6  
9 .7  
9 .8  
9 .9  

I0.0 

~R 

0 

Table 4. Absorption correction factors A* for X-ray intensities 

Spheres of radius R 

0 e 5 @ i0 o 15 ° 20 ~ 25 ~ 30 e 35 e 40 ° 45 @ 50 e 55 ° 60 ° 65 ° 70 ° 75" 80 ° 85 ° 90 = 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 l.OC 1.00 1.00 1.00 1.00 1.00 
1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 1.16 
1.35 1.35 1.35 1.34 1.34 1.34 1.34 1.34 1.3& 1.34 1.33 1.33 1.33 1.33 1.33 1.33 1.33 1.33 1.33 
1.56 1.56 1.56 1.55 1.55 1.55 1.55 1.54 1.54 1.54 1.53 1.53 1.52 1.52 1.51 1.51 1.51 1.51 1.51 
1.80 1.80 i.~0 1.79 1.79 1.78 1.78 1.77 1.76 1.75 1.74 1.73 1.73 1.72 1.71 1.70 1.70 1.70 1.70 
2.08 2.07 2.07 2.06 2.06 2.05 2.03 2.02 2.01 1.99 1.97 1.96 1.9& 1.9~ 1.92 1.91 1.90 1.90 1.90 
2.39 2.39 2.38 2.37 2.36 2.34 2.32 2.30 2.27 2.25 2.23 2.30 2.18 2.16 2.14 2.13 2.11 2.11 2.11 
2.75 2.74 2.73 2.72 2.70 2.67 2.64 2.60 2.57 2.53 2.50 2.46 2.43 2.hC 2,37 2.35 2.33 2.32 2.32 
3.15 3.15 3.13 3.11 3.07 3.03 2.99 2.94 2.89 2.83 2.78 2.73 2.69 2.6~ 2.61 2.58 2.56 2.55 2.55 
3.61 3.60 3.~8 ~.54 3.50 3.h& ).37 3.30 3.2~ 3.16 3.09 3.02 2.96 2.91 2.86 2.82 2.80 2.78 2.77 
4.12 4.11 h.08 4.03 3.96 3.88 3.79 3.70 3.63 3.50 3.41 3.33 3.25 3.1~ 3.12 3.07 3.02 3~02 3.01 
4.70 4.69 l~.6h h.57 h.h8 4.37 h.25 A.12 3.99 3.87 3.75 ~.64 3.55 3.46 3.39 3.33 3.28 3.26 3.25 
5.35 5.33 5.27 5.17 5.0~ ~.90 h.74 ~.57 4.41 4.25 h.ll .97 3.85 3.75 ~.66 3.59 3.5h 3.50 3.49 
6.08 6.05 5.97 5.8& 5.67 5.47 5.27 5.06 &.85 &.66 4.48 4.32 4.17 h.O£ 3.94 7.85 3.79 3.75 3.73 
6.90 6.86 6.75 6.57 6.35 6.10 5.83 5.57 5.32 5.08 &.86 h.67 h.h9 h.3~ h.22 &.12 4.05 &.00 3.98 
7.80 7.75 7.60 7.38 7.09 6.77 6.~h o.ii 5.81 5.52 5.26 5.03 L.83 4.65 h.51 4.39 4.31 h.26 h.23 
8.81 8.74 8.55 8.25 7.89 7.49 7.08 6.69 6.32 5.98 5.67 5.40 5.17 h.97 4.80 4.67 h.57 4.51 h.h8 
9.92 9.83 9.59 9.21 ~.76 8.26 7.76 7.29 6.85 6.45 6.10 5.78 5.51 5.28 5.09 &.g& 4.83 4.77 h.7h 

~R 

1.0 
i.] 
1.2 
1.3 
i.~ 
1.5 
I.o 
1.7 

11.2 ii.0 10.7 1.0.3 9.69 9.08 8.48 7.92 7.h0 6.9h 6.53 6.17 5.87 5.66 5.39 5.22 5.10 5.02 h.9"~ 1.8 
12.5 12.h 12.0 ll.h 10.7 9.95 9-2 8.58 7.98 7. h 5-50 5-37 5 .28 ~.2~. 
14.0 13.8 13.3 12.6 11.8 10.9 i0.~ 8.57 7.~6 6"97 6"57 6.22 5.9? 5.69 9.26 7.43 6.97 6.59 6.26 5.99 5.78 5,63 5.54 5.50- . . . .  ?-.0 
15.6 15.4 14.8 13.9 12.9 11.8 10.9 9.97 9.18 8;49 7.89 7.38 6.95 6.59 6.30 6.07 5.90 5.90 5.76 2.1 
17.4 17.1 16.h 15.3 lh.l 12.9 11.7 10.7 9.80 ').03 8.36 7,80 7.33 6.93 6.61 6.3b 6.17 6.06 6.02 2.2 
19.h 19.0 18.1 16.8 15.3 13.9 12.o ii.4 ,i0.4 9.57 8.84 8.22 7.70 7.27 6.92 6.64 6.1,~ 6.32 6.28 2.3 
21.5 21.0 19.9 18.4 16.7 15.0 13.5 12.2 ii.i i0.i 9.32 8.65 8.08 7.6] 7.23 6.93 6.72 b.59 6.54 2.h 
23.8 23.3 21.9 20.0 18.1 16.2 14.5 13.0 11.7 10.7 9.81 9.07 8.46 7.95 7.54 7.23 6.99 6.85 6.80 ~.5 
26.3 25.6 2&.0 21.8 19.5 17.3 15.& 13.8 12.4 11.3 10.3 9.51 8.85 8.30 7.86 7.52 7.27 7.12 7.06 2.6 
29.0 28.2 26.2 23.7 21.0 18.6 16.4 14.6 13.1 11.8 10.8 9.94 9.23 8.64 8.17 7.81 7.5& 7.38 7.33 2.7 
31.9 30.9 28.6 25.6 22.6 19.8 17.4 15.4 13.8 12.4 11.3 .I0.4 9.62 8.99 8.49 *.i0 7.82 7.65 7.59 2.8 
35 .0 33.9 31.2 27.7 2&.2 21.1 18.~ 16. 3 14. 5 13.0 11.8 10.8 i0.0 9.34 8.81 8.40 2.10 7._92 7.85 2.9_ 
38.& 37.0 33.9 29.9 25.9 22.~ 19.5 17.1 15.2 13.6 12.3 11.3 10.4 9.7( 9.12 ~,.70 8.38 8.18 8.11 3.0 
42.0 40.4 36.7 32.1 27.7 22.8 20.6 1840 15.9 14.2 12.8 11.7 10.8 I0,0 9.&5 8.99 8.66 ~.h5 ~.38 .I 
45.8 43.9 39.7 34.h 29.5 25.2 21.7 18.9 16.6 14.8 13.4 12.2 11.2 IO.L 9.77 9.29 8.94 8.72 8.64 3.2 
49.9 47.7 42.8 36.8 31.3 26.6 22.8 19.8 17.4 15.4 13.9 12.6 11.6 I0.~ i0.I 9.59 9.21 ~.99 8.90 3.3 
54.3 51.7 46.0 39.3 33.2 28.1 23.9 20.7 18.1 16.1 l~.h 13.1 12.0 ii.I 10.4 9.88 9.&9 9.25 9.17 3.h 
58.9 56.0 49.5 41.9 35.2 29.5 25.1 21.6 18.9 16.7 14.9 13.5 12.& 11.5 10.7 10.2 9.77 9.52 9.h? 3.5 
63.8 60.4 53.0 44.6 37.1 31.0 26.2 22.5 19.6 17.3 15.5 14.0 12.8 11.8 ii.I 10.5 I0.i 9.79 9.69 3.6 
69.0 65.1 56.8 47.3 39.2 32.6 27.4 23.4 20.4 17.9 16.0 14.5 13.2 12.2 ll.h 10.8 10.3 I0.I 9.96 3.7 
74.6 70.1 60.6 50.2 41.2 34.1 28.6 24.& 21.1 18.6 16.5 14.9 13.6 12.6 11.7 ii.i 10.6 10.3 10.2 3.8 
80.4 75.3 6~ .6 ~3.1 h3.3 35.7 29.8 25. 3 21. 9 19.2 17.1 15.h 14.0 i;. 9 12.0 11.4 10. 9 10.6 10. 5 3-9 
86.5 80.7 6 .8 56.0 45.5 37.2 31.0 26.3 22.7 19.8 17.6 15.8 14.h 13.3 12.h 11.7 11.2 10.9 i0. ~. 4.0 
93.0 86.& 73.1 59.1 47.6 38.8 32.2 27.2 23.4 20.5 18.2 16.3 14.8 13.£ 12.7 12.0 11.5 ii.I ~i.0 4.1 
99.8 92.4 77.5 62.2 49.9 40.5 33.4 28.2 24.2 21.1 18.7 16.8 15.2 1&.0 13.0 12.3 11.7 11.4 11.3 4.2 
10.7 98.6 82.1 65.3 52.1 42.1 3&.7 29.2 25.0 21.8 19.3 17.2 15.7 14.t 13.4 12.6 12.0 I] .7 11.5 h.3 
11.4 10.5 86.8 686. 54.4 43.7 35.9 30.1 25.8 22.4 19.8 17.7 16.1 l&.7 13.7 12.9 12.3 11.9 11.8 &.h 
12.2 11.2 91.7 71.9 56.7 45.& 37.2 31.1 26.6 23.1 20.3 18.2 16.5 15.1 lh.O 13.2 12.6 12.2 12.1 4.5 
13.0 11.9 96.7 75.2 59.0 hT.! 38.4 32.1 27.4 23.7 20.9 18.7 16.9 15.5 14.3 13.5 12.9 12.5 12.3 4.6 
13.9 12.6 10.2 78.6 61.3 48.8 39.7 33.1 28.1 24.4 21.4 19.1 17.3 15.8 14.7 13.8 13.2 12.8 17.6 4.7 
14.8 13.4 10.7 82.1 63.7 50.5 hl.O 34.1 28.9 25.0 22.0 19.6 17.7 16.~ 15.0 lh.l 13.h 13.0 12.9 h.8 
15.7 14.1 11.2 85.6 66.1 52.2 42.2 3~.i 29. 7 25.7 22.6 20.1 18.1 16.6 15. ~ IL.4 13.7 13.3 13.1 h.9 
16.7 15.0 11.8 89.1 68.5 53.9 h3.5 36.1 30.5 26.4 23.1 20.6 18.5 16.9 15.7 l&.7 14.0 13.6 13.4 5.0 
17.7 15.8 12.4 92.7 71.0 55.6 44.8 37.1 31.3 27.0 23.7 21.0 19.0 17.3 16.0 15.0 Ih.3 13.8 13.7 5.1 
18.8 16.7 12.9 96.4 73.4 57.& 46.1 38.1 32.2 27.7 24.2 21.5 19.4 17.7 16.3 15.3 14.6 l&.l 13.9 5.2 
19.9 17.6 13.5 I0.0 75.9 59.2 47.4 39.1 33.0 28.3 2&.8 22.0 19.8 18.0 16.7 15.6 Ih.9 ]n.h ]&.2 5.3 
21.0 18.5 14.1 lO.h 78.h 60.9 48.8 hO.l 33.8 29.0 25.3 22.5 20.2 18.~ 17.0 15.9 15.1 iL.6 Ih.5 5.& 
22.2 19.& 14.7 10.8 80.9 62.7 50.1 hl.l 34.6 29.7 25.9 22.9 20.6 18.E 17.3 16.2 15.4 l&.9 14.7 5.5 
23.& 20.& 15.3 ii.i 83.5 6&.5 51.4 42.2 35.h 30.3 26.h 23.4 21.0 19.1 17.7 16.5 15.7 15.2 15.0 5.6 
24.7 21.4 16.0 11.5 86.0 66.3 52.7 43.2 36.2 31.0 27.0 23.9 21.5 19.5 18.0 16.8 16.0 15.5 15.3 5.7 
26.0 22.4 16.6 11.9 88.6 68.1 5&.1 4&.2 37.0 31.7 27.6 2h.& 21.9 19.9 18.3 17.2 16.3 15.7 15.5 5.8 
27.& 23.5 17.3 12.3 91.2 69.9 55.4 45.2 37.9 32.3 28.1 2h.9 22.3 20.3 18.7 17.5 16.6 16.0 15.8 5.9 
28.8 2&.6 17.9 12.7 93.8 71.7 56.8 46.3 38.7 33.0 28.7 25.3 22.7 2-0.6 19.0 17.~ 16.8 16.3 16.1 670 
30.3 25.7 18.6 13.1 96.&" 73.6 58.1 47.3 39.5 33.7 29.3 25.8 23.1 21.0 19.3 18.1 17.1 16.5 16.3 6.1 
31.8 26.9 19.3 13.5 99.1 75.4 59.5 48.4 40.3 34.& 29.8 26.3 23.6 21.4 19.7 l~.h 17.& 16.8 16.6 6.2 
33.& 28.0 20.0 13.9 10.2 77.2 60.8 49.4 41.2 35.0 30.& 26.8 24.0 21.7 20.0 18.7 17.7 17.1 ]6.9 6.3 
35.0 29.3 20.7 14.3 10.& 79.1 62.2 50.4 42.0 35.7 31.0 27.3 24.& 22.1 20.3 19.0 18.0 17.1, !7.1 6.4 
36.6 30.5 21.4 ih.8 10.7 81.0 63.5 51.5 42.8 36.4 31.5 27.8 24.8 22.5 20.7 19.3 i~.3 17.6 17.h 6.5 
38.3 31.8 22.1 15.2 ii.0 82.8 61+.9 52.5 &3.6 37.1 32.1 28.2 25.2 22.9 21.0 19.6 18.5 17.9 17.7 6.6 
~0.i 33.1 22.9 15.6 11.2 84.7 66,3 53.6 44.5 37.8 32.7 28.7 25.7 23.2 21.3 19.9 18.8 18.2 17.9 6.7 
41.9 34.4 23.6 16.0 11.5 86.6 67.7 54.6 45.3 38.4 33.2 29.2 26.1 23.6 21.7 20.2 19.1 I~.L 12.2 6.8 
43-8 3~.7 24.4 16.5 11.8 88.5 69.0 55.7 h6.1 39.1 33.8 29.7 26.~ 24.0 22.0 20. 5 19.4 18.7 18.h 6.9 
45.7 37.1 25.1 16.9 12.1 90.& 70.4 56.7 47.0 39.8 34.& 30.2 26.9 2&.3 22.3 20.8 19.7 19.0 --i~c77--7 .~ 
&7.7 38.5 25.9 17.3 12.3 92.2 71.8 57.8 &7.8 &0.5 3&.9 30.7 27.3 2&.7 22.7 21.1 20.0 19.3 19.0 7.1 
&9.8 &O.O 26.7 17.7 12.6 9&.l 73.2 58.9 48.7 hl.2 35.5 31.1 27.8 25.1 23.0 21.h 20.3 19.5 19.2 7.2 
51.9 h1.5 27.5 18.2 12.9 96.0 74.6 59.9 49.5 hl.8 36.1 31.6 28.2 25.5 23.& 21.7 20.5 19.8 19.5 7.3 
5&.O 43.0 28.3 18.6 13.2 98.0 76.0 61.0 50.3 42.5 36.6 32.1 28.6 25.8 23.7 22.1 20.8 20.1 19.8 7.h 
56.3 44.5 29.1 19.1 13.5 99.9 77.4 62.0 51.2 43.2 37.2 32.6 29.0 26.0 24.0 22.h 21.1 20.3 PO.O 7.5 
58.5 &6.0 29.9 19.5 13.7 10.2 78.8 63.1 52.0 43.9 37.8 33.1 29.h 26.6 24.4 22.7 21.4 20.6 20.3 7.6 
60.9 &7.6 30.7 20.0 lh.O 10.4 80.2 6&.2 52.8 &4.6 38.4 33.6 29.9 27.0 24.7 23.0 21.7 20.9 20.6 7.7 
63.3 49.3 31.5 20.& 14.3 10.6 81.6 65.2 53.7 h5.3 38.9 34.1 30.3 27.3 25.0 2~.3 22.0 21.2 20.8 7.8 
6~.7 50.9 32.4 20.9 1&.6 10.8 ~3.0 66.3 54.5 45.9 39.5 34.6 70.7 27.7 25.4 23.6 22.3 21.h 21.1 7.9 
68.3 52.6 33.4 21.3 14.9 ii.0 84.h 67.4 55.4 46.6 40.1 35.0 31.1 28.1 25.7 23~- 22.5 21.7 21.4 8.0- 
70.9 5&.3 3&.l 21.8 15,2 Ii.I 85.8 68.'4 56.2 47.3 40.6 35.5 31.6 28.5 26.0 2L.2 22.8 22.0 21.6 8.1 
73.5 56.0 34.9 22.2 15.& 11.3 87.2 69.5 57.1 48.0 41.2 36.0 32.0 28.8 26.4 2&.5 23.1 22.2 21.9 8.2 
76.2 57.8 35.8 22.7 15.7 11.5 88.~ 70.6 57.9 &8.7 hi.8 36.5 32.4 29.2 26.7 24.8 23.& 22.5 22.2 8.3 
79.0 59.6 36.7 23.2 16.0 11.7 90.1 71.7 59. ~ 49.& h°.4 37.0 32.9 29.6 27.1 25.1 23.7 22.8 22.4 8.& 
~1.9 61.& 37.5 23.6 16.3 11.9 91.5 72.7 59.6 50.1 &2.9 37.5 33.3 30.0 27.& 25.4 2&.O 23.1 22.7 ~.5 
~4.8 63.2 38.4 24.1 16.6 12.1 92.9 73.8 60.& 50.7 4~.5 38.0 33.7 30.3 27.8 25.7 24.3 23,3 23.0 8.6 
87.8 65.1 ~9.3 2&.6 16.9 12.3 94.3 74.9 61.3 51.h ti.l 38.5 34.1 30.7 28.1 26.1 24.5 23.6 P3.2 8.7 
qO.9 67.0 hO.2 25.0 17.2 12.5 95.8 76.0 62.1 52.1 &4.7 39.0 3&.6 31.1 28.& 26.& 2&.8 23.9 23.5 8.8 
94,0 69,0 41,i 2 5 17 12,7 7.2 63.0 ~2.8 h5.,2 ~5.0 26.7 2c.I 
972 70.9 39.9 35.~ 31.8 29.1 270 25.~ 2, 0 2~10 17:~ ~9.~ ~1.5 2 4 . 2  ~8.6" 77.1 28.7 2~.8 8.9_ 

42.0  12.9 78,2 63.9 . 53.5 45.8 2~.4 9.0 
1005 72.9 &2.9 26.4 18.0 13.~ i0.0 79.3 64.7 54.2 46.4 40.4 35.8 32.2 29.4 27.3 25.7 24.7 2&.3 9.1 
1038 74.9 &3.9 26.9 18.3 13.3 10.i 80.h 65.6 54.9 46.9 40.9 36.2 32.6 29.7 27.6 26.0 25.0 2h.6 9.2 
1072 77.0 h&.8 27.4 18.6 13.5 10.3 81.5 66.4 55.6 &7.5 &1.3 36.6 32.9 30.1 27.9 26.3 25.2 2~.~ 9.3 
1107 79.1 45.7 27.9 18.9 13.7 lO.h ~2.6 67.3 56.3 48.0 41.8 37.0 ~3.3 30.4 28.2 P6.5 25.5 25.1 9.4 
1143 81.2 46.7 28.4 19.2 13.9 10.6 83.7 68.2 57.0 48.6 L2.2 37.~ ]3.6 30.7 28.5 26.8 25.8 25.h 9.5 
1180 83.3 47.6 28.8 19.5 lh.l 10.7 84.8 69.1 57.7 49.1 ~2.7 37.7 33.9 31.0 28.8 27.1 26.1 25.6 9.6 
1217 85.5 h8.5 29.3 19.8 l&.3 10.9 85.0 69.9 58.4 49.6 &3.1 38.1 3&.3 31.4 29.! 27.h 26.3 25.9 9.7 
1255 87.7 &9.5 29.8 20.1 14.5 ii.0 87.0 70.8 89.1 50.2 &3.5 %8.4 34.6 31.7 29.5 27.7 26.6 26.2 0.8 
1294 89.9 50.5 30.3 20.~ 14.7 11.2 88.2 71.7 59.8 50.7 &3.9 38.7 34.9 32.0 29.8 28.0 ~6.q 2b.& 9.9 
1333 92.1 51.4 30.8 20.7 14.9 11.3 89.3 72.6 60.5 51.2 h&.2 39.0 35.2 32.3 30.1 ~8.3 27.2 26.7 I0.0 
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